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The isoperimetric problem (IP) of profiling the optimum clearance between a plane support surface and an infinite cylindrical
(plane) slide is formulated and solved in the incompressible fluid approximation. If the maximum of the carrying capacity coefficient
Cy is realized in the well-known Rayleigh problem (RP), where L in the IP the minimum friction is ensured for the given value
of Cy. The structure of the optimum solution is explained and it is established that if Cy is less than the coefficient
Cygr corresponding to the RP, then the clearance height 4 is a continuous function of the x coordinate measured along the support
surface. In the general case the optimum function 4 = h(x) may contain segments of four kinds. Two of them,h = 1 and h =
H > 1, are the boundary extremum segments (BES1 and BESH), which appear due to the fact that & has upper and lower bounds.
The other two segments are bilateral extremum segments. TES1 is similar to the TES in Rayleigh’s problem, in which & = h;,
where 1 < h; < H. TES2 appears only in the IP. It has a negative slope and connects BES1 with BESH or TES1. As Cy — Cpr
the slope of TES2 approaches minus infinity, and the segment itself turns into a step, i.e. into the well-known discontinuity of A
in the RP. © 1998 Elsevier Science Ltd. All rights reserved.

The problem of profiling the optimum clearance in the approximation of lubrication theory was
considered by Rayleigh [1]. In the problem of determining the clearance of an infinite cylindrical slider
bearing that gives the maximum of Cy, solved by Rayleigh within the framework of an incompressible
viscous fluid, the optimum clearance is piecewise constant with one step. Over the initial segment TES1
the clearance height 4 = A, > 1 satisfies Euler’s equation. The terminal segment 4 = 1, where 4 is
measured relative to the maximum admissible height 4,, in the formulation of the problem, is a boundary
extremum segment (BES1). The stepwise solution of the RP also applies to a polytropic gas for a variable
clearance height over TES1 (2, 3]. In recent years the RP has also been solved in the three-dimensional
formulation [4-9]. The variational problems solved in the papers mentioned above are generalizations
of the RP on the maximum of Cy and its characteristic singularity, namely, the stepwise distribution
of h.

Along with the RP, it makes sense to consider other variational problems, in particular, the problem
of minimizing the drag Cp, with Cy fixed. This problem is formulated and solved below.

For a plane slide the IP was considered in [10], where the carrying capacity N was fixed instead of
Cy when there were no constraints on 4, and the role of h,, was played by Ay, chosen to ensure the
given value of N. In this formulation the IP was reduced to the minimization of R® = Cp/NCy for h(x)
= (). The problem of optimizing the clearance to obtain the minimum of R = Cp/Cy was considered
in the same paper. The relation between the results obtained in [10] and the present research is discussed
at the end of the paper.

1. Letxyz be Cartesian coordinates connected with a cylindrical slide that is infinite along the z axis
and moves over the plane y = 0 in the negative direction of the x axis at constant velocity —U. In this
system of coordinates the slide is at rest, while the plane y = 0 moves with velocity U > 0, as shown in
Fig. 1(a). The height y = A(x) of the clearance, which constitutes the support of the slide if, may in
general have a step atx = x;. We shall denote the values of the variables at the points i, f, d, . . . by the
appropriate subscripts. If the variables have a discontinuity at 4, then we shall use an additional subscript
minus (plus) four values to the left (right) of d. As the scale of x and & we take the width L of the slide
and its minimum attainable height 4,,,. The pressure is fixed atx = 0 andx = 1. As the scale of pressure
p and the x-component of the velocity vector u we take pU? and U, where p in the fluid density. Then
(po is a known constant)

u(x,0)=1, w(x,h)=0, p(0,y)=p(l,y)=p, 1.1
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By the estimates of lubrication theory [11] the pressure p depends ony and the inertial terms in the
projection of the equation of motion onto the x axis are small compared with the viscous ones. Integrating
it twice with respect to y, taking the first two conditions in (1.1) into account, we find

L YAOR®) 2 6L 12
Yu(x,y) =7 s y+3p'(x)y*, Y WU 1.2)

Here and henceforth differentiation with respect to x is denoted by a prime. The variables on the
right-hand side of the dimensionless complex y are dimensional ones and p is the viscosity, taken to be
constant.

We integrate (1.2) with respect toy fromy = 0 toy = 4, using the conditions for & from (1.1) and
the fact that the integral on the left-hand side in (1.2), which is proportional to the flow rate g/2 through
the clearance, is constant. As a result, we obtain

' =(h-q)/k® (m=plY) (1.3)

Let N be the carrying capacity of the slide and let D be the drag force caused by it, i.e. the sum of
the friction force and the integral of the pressure forces (the difference p — pg) over y along the support,
including a possible jump at p = p;. We have

N —}(u-—u)dx Cp= D =-1—}(—1-+n’h)dx 14
wo? g P U 2 \3h a9

In the RP we shall seek a height & = A(x) that realizes the maximum of Cy for the function n defined
by (1.3) with boundary conditions n(0) = n(1) = mny = py/y. In the IP Cy < Cpp is fixed and Cp, is
minimized. In both problems the height /# has an upper and lower bound, i.e.

CN=

I1<shx)<H (1.5)
according to the choice of the scale of 4 for a given constant H = 1.

2. To derive the optimality conditions we write down the Lagrange functional
1
J=aCp+BCy+A, A= Mx)h-Th>—q)dx
0

where A is a variable Lagrange multiplier, & = 0 in the RP, o = 1 in the IP, B is a constant Lagrange
multiplier and the expression in brackets in the integrand is equal to zero by (1.3). For an admissible
variation, the variations of J and the optimizing functional in (1.4) are identical for any bounded Lagrange
multipliers. Therefore, for the optimum clearance

&/ =8Cy < 0inthe RP, &/ =8Cp = O in the IP 2.1)

for any &h satisfying (1.5). VaryingJ, we take into account that = is fixed at the entry and at the exit of the
clearance and h is continuous over the sections of possible height jumps. As a result, for any (not neces-
sarily optimum) clearance height /(x) and, so far, arbitrary constraints A(x), and in the IP also u, we have



The IP of profiling of the optimum clearance of an infinite plane slider bearing 209
& = (Y alh. ~h)+[(M), — (W) 1}, Am, + X,Ax, -

i 1
~Aq| Mx+[ (A"8h+ A™Sm)dx
0 0

11
X =9.L-(7:—Z+—]+L(h—q)- +A, (h-q),

33A" =AB, A=h-39/2, B=0-6M?, 2A"=2B—(ch~2Ah%Y (2.2)

Here An; and Ax, are the differences between the values of & and x over the sections corresponding
to the jump of & for the varied and non-varied clearances, while 3r and 3k are the differences between
the values of © and & over these sections for fixed x. The coefficient X is transformed using (1.3).

Using the arbitrariness in the choice of A, we make A" equal to zero. This leads to the equation

(oth - 2Ah%)' =2 (23)

which holds for any clearance over the continuity segments of 4. At the possible jump sections of & we
can obtain conditions connecting A, with A, by equating the coefficient of An, to zero. This gives

olh_ —h,), +2AMR%), -(AR3)_], =0 (24)

By (2.4) the expression in brackets in (2.3) is continuous. Equations (2.3) and condition (2.4) at the
points d are insufficient for determining A. The missing condition can be obtained by equating the
coefficient of Ag to zero

(}) Adx =0 (2.5)

Suppose that A(x) is a given continuous or discontinuous function. For this function we can integrate
(1.3) with given =(0) = 7y and choose g to satisfy the condition n(1) = m, solving the direct problem of
lubrication theory. Next, the constant A in the solution of (2.3), which depends linearly on Ay = A(0),
is found from (2.5) by solving the adjoint problem for A. Then we obtain

]
8 = X 0x, + | AMShds (2.6)
0
X= o(h, -.h_) (3gh, —h_(3k, —h_)] +—A'1+-(h+ -h )=
6h h> hZ
_olh,~h) .. PSS
T [3gh_ - h,(3h_ - h )]+ " (b, =h)f

F=hh_(h +h)=(h: +hh_+h)q
3n°A* =AB, A=h-39/2, B=o-6Mh?
Both equivalent representations of X are obtained from (2.2) after eliminating A_ or A, using (2.4).
In the Rayleigh problem with a = 0 and p = 1, analysis of (2.6) indicates that the optimum clearance
may consist of the boundary extremum segments BES1 and BESH, where h = 1 and h = Hh and the

bilateral extremum segment TES1. On TES1 the height 4 can be determined by equating 4" or A4 to
zero, i.e. by the equality

2h-3g=0 @

On BES1 the admissible 8h = 0 and on BESH 64 < 0. In the RP &/ = 8Cy and the admissible variation
of the optimum clearance can only lead to a reduction of 3Cy. Therefore the optimality conditions on
these segments take the form

M2-39)20, h=1; M2H-3¢)<0, h=H (2.8)

Different segments may be joined with or without a discontinuity of . For the optimum “discontinuous”
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joints both in RP and the IP it is necessary for the coefficient of Ax, in (2.6) to be zero over the section
where /4 has a jump. In the RP with o = 0 this condition shows that a “discontinuous” joint between
TESI and any boundary extremum segment is possible if

Ap-=Xs=0 (2.9)
over the section where £ is discontinuous. By (2.7) and (1.3)
h=3q2, n'=4/27¢%) (2.10)

on TES1. It follows that 2 = const on TES1 and & increases linearly with x. Therefore, by (2.8)—(2.10)
in the RP the optimum height of the clearance 4(x) has one discontinuity which is located either between
BESH and BES1 when H = 1 and TESI is simply not present, or between TES1 and BES1. Such
clearances are indicated by the numbers 1 and 2 in Fig. 1(b).

In the IP o = 1, a" = 0 not only for 4 = 0, but also for B = 0, which leads, as before, to (2.7) and
to TES1, but also due to the vanishing of B. In the second case

6AR2 =1 (2.11)
Therefore TES2 is possible in the IP. By (2.3) and (2.11) it is defined by the equation
h'=3p (2.12)
By analogy with (2.8) the inequalities
(1-6AX2-3¢)=0, h=1;, (1-6AH*)2H-3¢)<0, h=H (2.13)

should be satisfied in the IP. If A, or A_ from (2.11) are substituted into X; with o = 1 from (2.6), then
it can be shown that X; = 0 only if 4, = h,_, i.e. TES2 joins other segments in a continuous manner.

3. We begin the task of solving the IP with the case when Cy = 0. The latter equality holds for any
constant clearance (h = const), while Cp decreases as the height of the clearance increases. Therefore,
by the upper bound of 4, for Cy = 0 the solution of the IP is given by

h(x)=H 3.1)
Under the boundary conditions 7(0) = (1) = mg, from (1.3) and (3.1) it follows that
nx)=m (32)

For the solution of (3.1) to yield the minimum of Cj, the second condition in (2.13) should be satisfied.
Since 4 = H = g and 2H - 3¢ = —g < 0 by (1.3), (3.1) and (3.2), the condition can be reduced to

1-6AH2 =0 for 0<x=1 3.3)
Determining A(x) from (2.3) with A from (3.1) and from condition (2.5), we obtain
Ax) = B(1 - 2x)/(2H3) (3.4)

By (3.4) A is a linear function of x. Since (3.3) involves a linear expression in A, it is satisfied if the
left-hand side in (3.3) is non-negative for x = 0 and 1. Therefore (3.3) holds for — H/3 < p < H/3. The
exact value of B determines a continuous transition from Cy = 0 to Cy > 0. For this to be possible the
arbitrarily small positive coefficient Cy, can be realized by introducing a small TES2 in the neighbourhood
of x = 1. It follows that for Cy = 0 inequality (3.3) should become an equality when x = 1. Because of
this

B=-H/3<0 (3.5)

corresponds to the case Cy = 0 and a positive value of Cy in the neighbourhood of Cy = 0 gives a
clearance consisting of a BESH at the entrance (for 0 <x <x, < 1) and a narrowing TES?2 at the exit
(profile 3 in Fig. 1b). Now, by (1.3) the pressure over the BESH increases along with x, since g is smaller
than for 4 = H because of the narrowing end segment TES2. On BESH n and, by (2.3), also A are linear
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functions of x. Ata, where BESH and TES2 j Jom one another continuously, b, = H, B, = 0 with B from
(2.6) and A, = 1/(6H2). To the right of this point A = 1/(642).

In aooordance with (.2 12) and (3.5), at the time when TES2 appears, it is, as it should be, a narrowing
segment. Finding A from (3.5) as a function of x, x,, § and H, we can substitute it into (1.3) and, using
the pressure w, already found as a function of g and x,, we can find = everywhere forx, <x < 1. The
condition (1) = m, together with the integral equality (2.6), on substituting into the latter A(x),
determined as described above, gives two relations between g, x,, B and H. If we introduce p° = 3/H
and ¢° = g/H, these relations take the form

2g°-x, = -———-——-L——IZ(l —@)+P2-¢)1-x,)]

(1+B°0 - x,)
o 2 1 x °=.3.E °=_Q_
x, +B°xg + T B~ 0, B e g (3.6)

The first of these is a “condition for the pressure”, i.e. a condition stipulating that there is no pressure
drop in the clearance. In what follows the second condition, which is a consequence of condition (2.5)
for X, will be called the “condition for A”. On changing from B to g to $° and ¢° in these conditions, H
disappears from (3.6). This was to be expected, because up to now, while there is no TES1 in the solution,
it has been natural to take H rather than 4, as the characteristic clearance height. After that, H manifests
itself only through the constant y with 4,, replaced by H.

By (3.6) B° and g¢° are functions of x, alone. By (3.5)

pr(=-1, ¢°(H=1 (3.7

Solving the second equation in (3.6) with respect to §° and selecting from the two roots the one that
gives the value from (3.7) as x, — 1, we obtain B° and, substituting the resulting expression into the
first equation in (3.6), also ¢°. We have

4x, -3 ~1 3x,-2+x,./4x, -3
Bo=____a___ qo=2 a a a
2x,(1-x,) "’ 5x,~3+(3x, —1),f4x, -3

(3.8)

By (3.8) p° varies from -1 to —8/3 as x, varies from 1 to 3/4. When x, < 3/4 the radicand in (3.8) is
negative. However, since g° = 2/3 for x, < 3/4 and B° = - 8/3, at the time when x, reaches the value
3/4 the factor 4 = 2H — 3¢ in A* from (2.6) becomes equal to zero and the first 1nequa11ty in (2.13)
becomes an equality over the whole BESH. Then the optimum clearance “freezes” in the sense that
the optimum A(x) corresponding to larger values of Cy is obtained for fixed x, < 3/4, B° = —8/3 and
q° = 2/3. Now, however, in (3.6) § and g correspond not to the given value of H, but to a clearance
helght hy smaller than H over the horizontal entry segment TES1. As h; decreases, so do flow rate
q= 2h4/3 and the modulus 3p = — 8h,/3 of the slope of TES2, whlle the pressure in the clearance
increases. Then h°(x) = h/hy and the coefficients Cy; = N/(y,LpU?) and Cp,; = D/(y;h,pU?) with
11 = 6Lu/(h*pU) do not change. In particular, 1% = 1/3. Recalling definitions (1.4), we find

Cn=haCyiy Cp=huCpis by =hy!hy (3.9)

For 7, < H these equahtles hold until the value of Cy for which s = hfh, = hy/3 = 1 is reached, i.e.
the clearance attains the minimum admissible value at the exit of the narrowing TES2. But if we move
in the direction of decreasing Cy, then for H — o the range of validity of (3.9) and the “self-modelling”
(in the aforesaid sense) optimum clearance on the plane of the coefficients Cy and Cp, reaches the origin
of the system of coordinates. In a finite neighbourhood of the origin, up to the values Cy = Cy; and
Cp = Cp; corresponding to H = 3, the optimum value of Cp and h; are, by (3.9), related to Cy by the
following formulae (the values of CN3 and Cp; are given in the next section)

Cp=kp[Cn, hm=ky/{Cxi kp=Cp/Cy =Cp3/+fChss ky=3{Cps (3.10)

When there is no upper bound on 4 (H = ) the optimum clearance consisting of two two-sided
extremum segments, namely, a horizontal TES1 for 0 < x =< 3/4 and a rectilinear narrowing TES2 for
3/4 < x < 1, is realized up to the value h; = 3. Formulae (3.10) hold up to the same value. Figure 1c
shows the evolution of the optimum clearances forH = Sand 3 < h; < 5.
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Increasing Cy further involves clearances with three segments (profile 4 in Fig. 1b): a horizontal TES1
ia with h = h; < 3, an inclined TES2 ab, and BES1 with & = 1. The segment ab connects points with
coordinates x = x,, h = h, = hy,x = x;, = x, and h, = 1. The last condition together with the equation
of an inclined segment enables us to express x; in terms of /4, B and x,

Xy = x5 +(1- h)/(3B) (3.11)

Equality (3.11) holds not only for the horizontal segment TES1, where 4, = 3g/2, but also for BESH.
The latter may occur for H < 3.

The condition for the pressure and the condition for A for a clearance consisting of two horizontal
BES’s and an inclined TES2 connecting them takes the form

1- ho? +&1+ (3 -2h)ho]+e3(1-h) =0

2l - ) +2(1 - hlo+ el - *[2h (1 - g)- )= 0 (3.12)
O =h(1-x,)/x,, €=hA3px,)
on eliminating x;, using (3.11). Eliminating & from (3.12) we obtain the quadratic equation

aw? - 2bw +c=0 (3.13)

a=—h[hl(3q" —6q+4)+2hq(q—2)+ 41 = ~4h{ (= 1)4~3k)/9

b= (2k{(q” ~2q+2)+ hig(q~6) + 371 = 4h{ (y ~ )2y ~3)/9

c=4ht(g-1)? - 4h}(g* -39 +3)- K} (3> = 12q - 4) - 6hg(q + 1) +3¢* =

= 4h2 (hy — 1)[4(R ~1)* +11/9

where the second expressions for a, b and ¢ are obtained from the previous ones by the substitution
q = 2h,/3, which corresponds to a clearance with TES1.

In the given solution 2, = 3 and ¢ = 2A,/3 = 2 correspond to x, = 3/4 and ® = 1. This determines
the choice of the sign in the solution of the quadratic equation (3.13). Using this choice for g = 2h,/3,
we have

o ~3)—2,f3k (h - 1)?

h(4-3h) (3.14)

For a sufficiently stringent restriction on 2 when h; = H < 3¢/2, which occurs for H < 3, (3.14) must
be replaced by

0= (h-d)a (3.15)
d = (2h2q-2h? — hg + 2h, - g)[h2(3q* — 69 + 4)+ 3hq(g - 6)+ 31"/ * (b,

Here b and a are defined in terms of £; = H and q by the first expressions in (3.13).

The coefficients of Eq. (3.13) and its solution of the form (3.14) and (3.15) were obtained by means
of the REDUCE system.

For H < 3 one can transfer from the optimum clearance consisting of a BESH and TES2 to a clearance
consisting of two horizontal sections connected by a narrowing section without an intermediary “frozen”
solution consisting of TES1 and TES2. In this case the value x,, for which A = 1 at the end of the inclined
section is less than 3/4. To find x,; one needs to substitute x = 4 = 1 and p° from (3.8) into the equation
of TES2: h = H + B°H(x — x,). Solving the resulting quadratic equation for x, and choosing the root
which gives the already known value x, = 3/4 for H = 3, we arrive at the desired formula

2H

Xg1 = N IsH=<3
2H-1+4H-3 (3.16)

The substitution of x, = x,; from (3.16) into the first formula (3.6) gives the ‘boundary’ value ¢° = ¢,
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and consequently g, = g as a function of H,

PO LT R
H?+2H+3 (3.17)

As follows from (3.17), ¢3(3) = 2/3 and ¢3(1) = 1, which corresponds to g;(3) = 2 and ¢4(1) = 1.
Finally, the value B, corresponding to x,; from (3.16), is equal to

B; =(2-3H-H4H-3)/2H), I<H<3

In the IP a special role is played by the RP, which determines the maximum value Cy = Cpg given as an
isoperimetric condition. First, the solution of the RP can be obtained from the corresponding equations and
conditions in Section 2, including (2.9), i.e. the condition that the multiplier A in the section at the jump of 4 should
equal zero. For x < x, the solution of the RP involves a horizontal TES1, over which & = hg = 3gp/2 by (2.10).
Here, as in Cyp, the subscript R is assigned to the optimum values in the RP. For x < x, the RP also involves a
horizontal BES1 with & = 1. Over each of these two segments the derivatives #’ and A’ are constant by (1.3) and
(2.3) with @ = 0 and B = 1. Therefore = and A are linear functions of x depending on x, and hg or gg = 2hg/3,
which are determined by (3.6). In the RP they reduce to the equalities

hpo? =1, (2hg - Dhgwr =1 (3.18)

with @ obtained from (3.12) by replacing x, by x,. The elimination of  or kg in (3.18) gives a cubic equation. Solving
it and taking the root hy > 1, we obtain

;,R=2+‘/3~1.866. xdk=3+2‘/§~0.7182, qR=2+J§’1-244
2 9 3
)
qr =3 Cnr=0.03438, Cpg=~0.1409 (3.19)

The same Eq. (3.18) and values kg, x5z and gg can be obtained if we put € = 0 in system (3.12) of the IP, which
corresponds to taking the Lagrange multiplier B to be minus infinity. This means that one can transfer from the
solution of the IP to a solution of the RP by continuously reducing the length and slope (its modulus) of TES2.

The RP makes sense for any constraints on A, including H < hg. In such cases the optimum clearance
contains, in place of TES]I, also a horizontal BESH with # = H < Ag. The optimum x,zy and ggy are
determined by conditions (3.6) as before, but without replacing g by 2h/2, i.e.

1=Hw®, H-qpy =(qzu-DH’ 0, ©=(0-x0)H x4y

Hence
H¥? H(1++H) 2443
=— = , IsHE ——= 3.20
Yarw = T2 9RM =TT 2 (3.20)

The formulae obtained above give the solutions of the RP and the IP for any H = 1. The coefficient
A" in the BES1 and BESH occurring in these formulae has the required sign.

4. The characteristics of the optimum slides constructed in accordance with the conditions obtained
above are collected in Fig. 2, in which C) = Cpn/Cng and C3 = Cp/Cpg are measured along the axes
with Cyg and Cpg from (3.19). Since Cy < Cng , it follows that 0 < CJ < 1. At the same time,
C3 can exceed unity because the maximum value of Cj, obtained for a clearance with A = 1, which
corresponds to the TP with H = 1, is equal to 1/6. This gives the maximum C3 ~ 1.184. In Fig. 2 the
solid curves correspond to various values of H. Since hg = 1.866 in the RP, all the curves corresponding
to H = hg for some Cy =< 1 reach the ‘envelope’ (dashed curve 1), which is obtained in the IP when A
has no upper bound. The five upper curves computed for H < hy do not reach the envelope and
terminate when Cy < 1. Their rightmost points correspond to the RP with the additional restriction
h < H < hg, while x g = x4z and qg = gy are defined by (3.20). By these formulae x;zy — 1/2 as
H->1.

The coefficients Cy; and Cp; mentioned above and the corresponding C3; and C3; turn out to be as follows:
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Cys = 0.0172, Cpsy = 0.0916, C3 = 0.5, C3; =~ 0.650. Therefore, by (3.10) I, C) = 0.92V(CY), h; = 2.12VCy
and 0 < CJ < 0.5 for the self-modelling solution, which gives one half of envelope 1.

The optimum slides have been compared with non-optimum ones having an inclined clearance: h(x) = 1 +
(H - 1)(1 —x). For the “inclined” slides h = 1 atx = 1 and & = H atx = 0, while Cy, and C, are given by

1 H-1 1 (2 H—l)
et {2821} o)=L (Zhpp-2L
Cw (H—l)z(nH 2he) O H—l(3n H¥ 1 @“.1)

The relation between C) and C3, computed from these formulae, is given by the dashed curve 2 in Fig. 2. It does
not involve the “dispersion in H”, which does not enable us to compare C9 accurately for the optimum and inclined
clearances without the information given below. However, for small C3, i.c. for large H, when C3, ~ 0.82V(InH)V(C%)
by (4.1) and (3.19), the comparison of optimum slides with C¥ indicates their substantial advantage.

The drags of the optimum and inclined slides have been considered for the same Cy and H. The results of the
comparison are given below.

H 1 13 15 18 20 22 24 26 30 40 50 60 I
Cyx10° 6 17 22 26 26 27 27 26 25 21 17 4 7
Cp x 10? 6 15 14 13 13 13 12 12 12 11 10 9 8
8Cp(%) 4 8 100 12 11 10 8 7 6 9 12 15 29

Here Cp, is the drag of an inclined slid and 5Cj, is the amount by which it exceeds the analogous drag for the
optimum slide. As a rule, the maximum height of the optimum clearance, which satisfies the condition 4 < H, is
less than H. We can see that 8Cp behaves non-monotonically. For an H such that the carrying capacity coefficient
Cy of an inclined slide is close to the maximum, the advantage of the optimum slide as expressed by Cj, is of the
order of 10% and it increases rapidly as Cy decreases when C% < 0.5.

The C%ptimum slides have a clearance consisting either of two horizontal segments by an inclined one, or (for
small Cy) of two segments: the entry segment horizontal and the exit segment inclined. The information on the
geometry is collected in Figs 3-6. For H from 1.1 to 6, Fig. 3 gives the coordinate x, of the beginning of the inclined
segment, as a function of CY, while Fig. 4 gives the coordinate x, of its end. For large H the optimum coordinate
X, varies strongly (from 0.75 to 1) only for small C%. Thus, if H = 5, the values 0.75 < x, <x,z ~ 0.718 correspond
to % < C < 1. For H close to and smaller than hx ~ 1.866, x, varies considerably over the whole range of values
of Ne

The coordinate x, as a function of C%, starting from the value corresponding to the appearance of BES1 (in Fig.
4 this corresponds to the point where the curve reaches the horizontal line x, = 1), varies quite strongly. However,
in this case also the curves x;, = x,,(C?V, H) for H = hp are either the same or close to one another.

The minimum clearance height 4, exceeds the minimum admissible value #;, = 1 in the neighbourhood of
C% = 0 (Fig. 5). For H = hy this neighbourhood reaches C% = 0.5. By what has been said above, it is independent
of H for H = 3. For H < hp the size of this neighbourhood and the value 4, itself decrease as h tends to unity. In
Fig. 5 H for each curve is equal to its ordinate when Cy = 0.

If H = hg, then by the aforesaid £ = h; decreases to ki, = hp in the same way for each value H when a certain
value C¥, which depends on H, is exceeded (Fig. 6, curve 1). For each H > h, the function k, = k,(C¥, H) is given
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by the horizontal lins segment with A, = H and, after its intersection with curve 1, by the curve itself. But if
H < hg, the optimum value of &, is equal to H for all C¥ attainable for such H. The two lower horizontal lines in
Fig. 6 correspond to this case. Finally, curve 2 gives H as a function of CY for an inclined slide. Curves 1 and 2 in
Fig. 6 along with the information on the shape of the optimum slides for large & enable us to find 8Cj, for any Cy
and H.

The above analysis and the results presented correspond to Cy = 0. There are possible applications in which N
and Cy are negative. It can be shown that in the RP the clearance which gives the minimum of the negative coefficient
Ch;, i.e. the maximum of its modulus, can be obtained as the mirror image about the y axis of the clearance in the
RP with N > 0. In the IP with given Cy, > 0 the optimum clearance can be obtained by the same reflection from
the clearance in the 1P with Cy = |Cp; |. In this case the dependence of C on C% and on H is given by the curves
in Fig. 2.

5. We shall begin a comparison of the results obtained in the present paper and in {10] with the fact that in [10]
the full drag of the slide is called the “friction force”. Next, R = Cp/Cy and R® = Cp/NCy for which the clearance
is optimized in [10] are special cases of the non-linear functional F = F(Cp, Cy). Let Fp and Fy be the derivatives
of F with respect to Cp and Cy, respectively, let r = Fy/Fp, and, as in [10], let Fp > 0 for Cy > 0. Then in the
solution of the problem for the minimum of F, i.e. the “F problem”, as a Lagrange problem the variation of the
Lagrange functional, apart from an insignificant factor, is

&= SCD +r(Cp, CN)SCN +A

On the other hand, from the IP
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&l=8CD+B8CN+A

We can see that, first, the minimum conditions for F can be obtained from the conditions in Sections 2 and 3 by
replacing B by r. In addition, for Fp < 0 the inequality signs change in the conditions for a BES. Second, for
Fy # 0 and Fp # 0 an inclined TES2 with /2’ = 3r is possible along with TES1 in the F problem. For F = R when
r = ~-R, the presence of such a segment was first established in [10], which is the most important result of that
paper.

Finally, the solution of the IP for which B = r(Cy, Cp) corresponds to the solution of the F problem. For
F = R this occurs at a single point of curve 1 in Fig. 2 with C% =~ (.9673, C% = 0.9427, h; =~ 2.0024, x, ~ 0.7342,
hy = 1,x, =~ 0.8179 and R = 3.994. In the problem with F = RO, when r = —R/2, B = r over the initial segment of
curve 1, where 0 < C% < 0.5. On this segment R® = 0.699, x, = 0.75,x, = 1 and h/hy, = 3.

Taking into account the differences in the definitions (for example, R® = CpV(/Cy)) in [10]), the above values
are practically the same as those found in [10] by the “direct method”. This is natural, since in [10] the structure
of the optimum clearance was established using the optimality conditions and the numerical search reduces to
determining x;, x, and 4,/h, which give the minimum of R or R®. 1t does not matter than in [10] these conditions
were obtained within a “non-local” framework, which differs from the one generally adopted. It is more important
to understand why the solutions of the IP found in [10] gave only those optimum clearances of the whole manifold
that correspond to the lower half (Cy < 0.5) of curve 1 in Fig. 2. The reason is related to the way the isoperimetric
condition on N is satisfied in [10] by choosing the minimum measurable clearance height . Unlike 4y, the minimum
admissible clearance height h,, is defined by an argument of a physical nature (the roughness of the surface, the
presence of solid particles in the lubricant, possible oscillations of the slide, etc.). Therefore, by the formulation
of the problem, BES1 with 2 = 1 is possible for a given value A,,, and admissible 82 = 0. But if the height 4 is
considered relative to Ay, then 8 of any sign is admissible for # = 1 and BES1 cannot occur. As a result, from
the whole manifold of solutions of the IP the minimization of R’ gives only the self-modelling solution (3.10),
i.e. the lower half of curve 1 in Fig. 2. Even though the segment # = 1 is introduced when the minimum of R” is
sought in [10], the fact that its “optimum” length, equal to 0.001, is non-zero is due solely to computational errors.
Finally, the absence of an upper bound for / in [10] excludes solutions with a BESH.
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